We propose to use a relativistic electron beam which has a shape of a wiggle to generate coherent radiation. We show that such a beam can generate not only radiation with a wavelength equal to the period of the wiggle, but also higher harmonics of that period. Specific calculations are carried out for undulator radiation. Requirements for the transverse size of the beam are obtained.
The remarkable success of the first x-ray free electron lasers (FELs) such as Linac Coherent Light Source at SLAC in the U.S. [1] and SACLA in Japan [2] , as well as expected performance of several future such projects, is based on the fundamental physical principle of coherent radiation. A relativistic, high-brightness electron beam in an FEL propagates through a magnetic system with oscillating along the beam path magnetic field (an undulator), and develops an instability that leads to bunching of the particles in the beam on a scale equal to the wavelength of radiation from the undulator. If the undulator is long enough, in its final part, the depth of the modulation can approach 100% (a so-called saturation regime) and results in coherent radiations of x rays with the peak power of tens of even a few hundred of gigawatts.
The mechanism that leads to the microbunching of the beam in the undulator is a self-amplified spontaneous emission (SASE) [3, 4] . It is an instability that starts from an initial random noise in the beam, and results in the FEL radiation which, while having good transverse coherent properties, has a rather poor temporal coherence. There are currently several actively pursued approaches aimed at improving the temporal coherence of FELs. Some of them rely on the application of an initial monochromatic ''seed'' for the instability, either in the form of an electromagnetic wave generated using the high harmonic generation technique [5] or by modulating the current of the beam through high-gain harmonic generation [6, 7] or echo-enabled harmonic generation [8, 9] . The two last techniques rely on the frequency multiplication of the current modulation in the beam generated with the help of a conventional laser pulse.
In this paper we propose a novel mechanism of generating the high harmonics of coherent radiation which does not involve microbunching (that is modulation of the current) of the beam. In contrast to the traditional approach, it uses a bunch which has a special geometrical shape of a wiggle, as shown in Fig. 1 . For brevity, we will call such a beam a ''snake'' one. As we show in this paper, a remarkable property of such a beam is that it can coherently radiate not only at wavelength of the wiggle 0 , but also at its higher harmonics 0 =h, where h is an integer number.
To demonstrate the basic mechanism of the radiation, we first consider a line-charge beam schematically shown in Fig. 1 with the charge distributed along the line x ¼ a sinðßzÞ, where ß ¼ 2= 0 . Denote the one dimensional particle density (that is the number of particles per unit length along z) by ðzÞ. Our main interest will be in the case ¼ const (no microbunching); however, for comparison with the radiation of a microbunched beam we start with a general case of arbitrary ðzÞ. For now we assume that the ''thickness'' of the line beam is small and neglect it. The beam radiation is detected at a location far from the undulator.
To calculate the beam radiation, we first consider radiation of a single electron in the beam. The vector potential A of radiation at frequency ! in the far zone can be written as [10] A ¼ e cR 0 e i!R 0 =c Z 1
À1
vðtÞe ik½ctÀnÁr 0 ðtÞ dt;
where R 0 is the distance from the undulator to the observer, k ¼ !=c, e is the electron charge, c is the speed of light, vðtÞ and r 0 ðtÞ are the velocity and the radius vector of the moving electron as functions of time, and n is the unit vector in the direction of radiation. The spectral intensity of radiation (energy radiated per unit ! per unit solid angle) is
To find radiation of the beam we need to sum (1) over all electrons in the bunch. For a line-charge distribution of particles, we denote by rðt; Þ the radius vector of the electron located initially (at t ¼ 0, before the entrance to the undulator) at the longitudinal coordinate z ¼ ; the coherent radiation is then given by an integral of A over . We assume that electrons are moving with constant velocity v z through the undulator. Neglecting a weak focusing effect of the undulator magnetic field, we have which means that every electron is moving along the same trajectory, shifted appropriately in the x direction and delayed by the time interval =v z . In what follows we assume a relativistic beam and replace v z by c in (3). Substituting (3) to (1), it is easy to see that the vector potential for the whole beam, A b , is
where A is given by (1) and the form factor F is
The intensity of the coherent beam radiation P b is
with P given by (2) . In addition to (6) the beam also radiates incoherently with the incoherent radiation power equal to NPð!; nÞ where N is the number of particles in the beam. To contrast our proposal with the traditional mechanism of coherent radiation based on a density modulated beam, we first consider the case of a straight bunch (a ¼ 0) of length l having a sinusoidal density modulation with the period 1 ( l,
where Q is the bunch charge, b is a so-called bunching factor, andß ¼ 2= 1 . Apart from the frequency range ! $ c=l associated with the finite bunch length, the form factor F is localized in the vicinity of the frequency ! Ã ¼ cß, and the peak has a relative width Á!=! $ 1 =l.
Replacing the narrow peak profile around ! Ã by a delta function, one finds from (5) jFð!Þj
where we introduced the beam current I b ¼ Qc=l. We see that the radiation wavelength is equal to the modulation period of the beam and the intensity is proportional to the square of the beam current indicating the coherent nature of the radiation. Let us now turn our attention to the main subject of this paper-the case without density modulation, ¼ const in (5), but a sinusoidally modulated shape instead, a > 0. Using the expansion e ia sinx ¼ P h J h ðaÞe ihx , one finds from (5)
Analogously to the derivation of (8), one now finds
with
In contrast to (8), we see that coherent radiation now occurs not only at the fundamental harmonic, h ¼ 1, but also at all higher harmonics with the radiation wavelength ¼ 0 =h. While low harmonics h $ 1 of coherent radiation are of certain interest for some applications, the most attractive property of radiation of a snake beam lies in the presence of high harmonics, h ) 1. To simplify the subsequent analysis we assume a plane undulator [11] with a small undulator parameter, K ( 1, where K ¼ u eB 0 =mc, u is the undulator period, and B 0 is the amplitude value of the magnetic field. To characterize the angular properties of the radiation, we will use the polar angle relative to the z axis, and the azimuthal angle of vector n with respect to the horizontal plane xz; then n ¼ ðsin cos; sin sin; cosÞ. For an undulator with a large number of periods N u , for a given , the function P is a narrow function of frequency ! of width Á!=! $ 1=N u . In what follows we replace the narrow peak in P by the delta function, then P is given by the following expression [11] :
where ! 0 ¼ 2 2 k u c and P 0 ¼ e 4 2 B 2 0 L u =m 2 c 4 with L u the undulator length. Given that the intensity of the radiation at harmonic h is the product of (11) and (12), and they both involve delta functions of frequency, we find that the coherent radiation propagates at an angle ,
It follows from (13) that, for a given ß and ! 0 , the allowable harmonics h are in the range 1 h < ! 0 =cß. For large values of h the Bessel function J h ðxÞ has a maximum equal to 0:67=h 1=3 at x % h. To maximize P b the directionality of the form factor jF h j 2 should be matched with that of the angular distribution of radiation of a single particle. For illustration, Fig. 2 shows the distribution of the angular factor J 2 h ðhßan x Þ in (11) in the transverse plane perpendicular to the z axes for h ¼ 20 and ßa ¼ 10. The maximal values of this function are localized along the vertical stripes n x % 1=ßa. The closest approach to the z axes of the brightest line occurs for ¼ 0, and corresponds to % 1=ßa. Equating this value of to that given by (13) and recalling that cßh ¼ !, we find the relation between the required amplitude of wiggles a, the radiation frequency !, and the harmonic number h:
For relativistic beams, ) 1, this amplitude is large in comparison with the period of modulation 2=ß. Let us now calculate the integrated over frequency and angle total energy of radiation at harmonic h,
where we used the smallness of to replace sin ! . To compare the power of the snake beam radiation with that of sinusoidally bunched beam, we will introduce the effective bunching ratio for the snake beam. It is defined in such a way that its square b 2 eff is equal to the ratio of P h to an integrated power of the microbunched beam (7) with a unit value of b (assumingß ¼ hß, so that both beams radiate at the same frequency),
where F is defined in (8) . A straightforward calculation yields b 2 eff ðh; A; XÞ ¼ 1 2
where we now use dimensionless variables X ¼ !=! 0 and A ¼ !a=c. This equation can be simplified in the limit h ) 1 and X close to 1. Analysis shows that in this limit b eff is maximized if the amplitude of the wiggle is chosen such that
and the maximized value of b eff is
The last equation gives the scaling b eff / 1= ffiffiffi h p . For illustration of typical radiation power that can be achieved in practice with the proposed system, let us consider a relativistic snake beam with ¼ 600 (300 MeV electron energy) that is created with the wiggle period 0 ¼ 0:2 m with the aim to generate the harmonic h ¼ 20. We choose X ¼ 0:9 for which Eq. (18) gives A ¼ 0:75, and hence the amplitude of the wiggles a ¼ cA=! % 72 m. The effective bunching factor (19) is b 20 % 0:12. The value X ¼ 0:9 means that the undulator should be tuned to the fundamental wavelength (of radiation propagating on axis) equal to 9 nm (for K ¼ 1 and the beam energy specified above this would require the undulator period of u ¼ 4 mm). Assuming a 2 m long undulator and beam current of I b ¼ 1 kA (typical for modern x-ray FELs) this beam will radiate 100 MW at 10 nm wavelength. Note that in the above calculation we took K ¼ 1, while our derivation actually assumed K ( 1-hence, our numerical example should be considered as a rough estimate only.
We now consider the effect of the finite thickness of the beam that was neglected above. In addition to the term xa sinðßÞ in (3) which determines the wiggle shape of the beam, we now need to take into account additional offsets X and Y for each particle due to the finite transverse size of the beam, rðt;;X;YÞ ¼r 0 ðtÀ=v z ÞþxasinðßÞþxX þŷY;
where we will assume that the coordinates X and Y satisfy a Gaussian distribution function ð2 x y Þ À1 Â e
x with the rms beam sizes x and y in the x and the y direction, respectively. Repeating the derivation of (5), we now arrive at the following expression for the form factor F: which after all integrations gives the following expression for jF h j 2 :
We see that the finite transverse beam size leads to an exponential suppression of jF h j 2 and as such imposes an important constraint on the allowable transverse size of the beam. For a rough estimate we can take $ 1= [see Eq. (13)] and n x $ , which gives the following constrain on the transverse size in the x direction: x & 0 =2h. The requirement for the transverse size in y is milder because n y $ , and the angle is small.
While we considered a particular case of a weak undulator as a radiator, as the derivation shows, the form factor (22) is actually valid for other types of radiation-e.g., synchrotron radiation or transition radiation from a metallic foil-if in the process of radiation particles move on a parallel trajectories shifted in the transverse direction, as described by (3) . For each case, the function P in (6) will be different corresponding to the specific type of radiation. Note that our choice that the beam has a shape of a wiggle in the x-z plane is not crucial: the wiggle can also lie in the y-z plane (with minor changes in the final result), or any other plane passing through the z axis.
Note also that a beam of helical shape will be even more efficient because its form factor being axisymmetric will have a better overlap with the angular distribution of the undulator radiation.
There is an important issue of how a snake beam with a large a= 0 ratio can be generated in practice. A detailed design of a system for generation of such a beam is beyond the scope of this paper. A possible approach might be to modulate the beam energy using an external laser by sending it through a modulator-undulator tuned to the laser frequency (see, e.g., [7] ). If such a beam is then sent through a dispersive section located after the modulator particles will shift in the horizontal plane in proportion to their energy, and the beam shape will become a wiggle. It is important in the design of such a system to minimize the longitudinal displacements of particles which will tend to smear out the profile of the beam. Unfortunately, simple estimates show that the typical emittance of currently available electron beams is not small enough to generate the snake beam with required properties. Generation of such beams remains an open challenge, but we hope that the fast development of beam generation techniques (e.g., such as the nanocathode field-emission array [12] ) can make it realistic in the future.
